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Experimental bifurcation diagram of a circuit-implemented neuron model
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An experimental bifurcation diagram of a circuit implementing an approximation of the Hindmarsh–Rose
(HR) neuron model is presented. Measured asymptotic time series of circuit voltages are automatically
classified through an ad hoc algorithm. The resulting two-dimensional experimental bifurcation diagram
evidences a good match with respect to the numerical results available for both the approximated and
original HR model. Moreover, the experimentally obtained current–frequency curve is very similar to
that of the original model. The obtained results are both a proof of concept of a quite general method
developed in the last few years for the approximation and implementation of nonlinear dynamical
systems and a first step towards the realisation in silico of HR neuron networks with tunable parameters.

© 2010 Elsevier B.V. All rights reserved.
1. Introduction

Among the most active trends in neuroscience are both study-
ing the behaviour of neuronal networks and modelling/emulating
realistically such networks. Obviously, such an effort must be car-
ried out jointly in different fields of science, such as biology,
physics, neuroscience, mathematics, computer science, and elec-
tronics. In this kind of research activity, it is commonplace to com-
bine experimental studies of animal and human nervous systems
with numerical simulations of mathematical models [1]. Despite
the fact that huge efforts have been put into the simulation of
realistic neuron networks [2] and the abundance of software simu-
lators [3,4], also a completely different approach has attracted the
attention of many scientists: the hardware implementation of neu-
rons and neuron networks. The main disadvantage of a custom
hardware solution is that the implementation of a circuit whose
behaviour emulates accurately another physical system is an ar-
ticulated process, whose careful completion requires usually much
more time than writing code for computer simulations. Concerning
the main advantages of a hardware neuron, the ordinary differen-
tial equations (ODEs) defining the model are solved in real time
by the circuit and the time scale of the circuit dynamics can be
properly changed by operating on some circuit parameters, e.g., ca-
pacitances. When implementing networks, the main advantage of a
hardware realisation is its intrinsically parallel structure. Moreover,
hardware neuron networks can be interconnected either among
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them, to realise more complex networks, or with real neuron net-
works [5]. For a systematic review about hybrid analogue/digital
models, with pros and cons, the reader is referred to [6].

Nowadays, there exist circuit implementations of both neuron
models with a high level of abstraction, such as integrate-and-fire
models (see [7,8] and references therein) that allow the realisa-
tion of networks with thousands of neurons, and more biologically
plausible models (see [9–11] and references therein), which can
be exploited to implement more specialized but smaller networks
(with few up to tens of neurons), such as central pattern genera-
tors. In both cases, tuning the parameters of each neuron is often
a cumbersome and error prone task. An experimental bifurcation
diagram can provide guidelines to tune the parameters of a given
hardware neuron in order to obtain the desired dynamics [12,13].

For the rest of this Letter, we shall focus on the Hindmarsh–
Rose (HR) neuron model [14]: its vector field contains only polyno-
mial nonlinearities and depends on various parameters that allow
reproduction of the main dynamical behaviours exhibited by bio-
logical neurons, such as spike frequency adaptation and stationary,
spiking, bursting, and chaotic regimes. The HR model has attracted
the attention of scientists oriented to its electronic synthesis [15,
16] as well as researchers interested in its analysis (see [17–19]
and references therein). Unfortunately, these two aspects are still
separated and, to the best of the authors’ knowledge, no systematic
analysis of the behaviours that can be obtained in the hardware
model by acting on system parameters has been presented. The
global bifurcation scenario of a given circuit may be useful in more
biophysically oriented studies, for instance as a guide to choose
the parameters for fitting the implemented model to qualitatively
different types of electrophysiological behaviours [20] and then to
implement small specialized networks.
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Fig. 1. Block scheme of the experimental setup.

In this contribution, we propose a two-dimensional experimen-
tal bifurcation diagram of an electronic circuit implementing an
approximation of the HR model [21]. The diagram is obtained
through automatic acquisition and classification of the experimen-
tal measurements. Since our goal is to provide qualitative and
quantitative guidelines to tune two circuit parameters to reproduce
a desired neuron behaviour (corresponding to a stable solution),
we will not focus on bifurcation curves, but instead on the inte-
rior of the regions delimited by these curves, where the circuit
behaviour is structurally stable [22]. The obtained bifurcation di-
agram evidences a good matching with respect to the numerical
results available for both the approximated and original HR model.
Moreover, the experimentally obtained current–frequency curve –
which is a characteristic feature of neuron models – matches the
corresponding curve of the original HR model.

The proposed results are important not only in view of the
hardware implementation of small networks of HR neurons, but
also as a proof of concept of the reliability of the method for the
approximation and circuit implementation of nonlinear dynamical
systems described in [23].

2. Material and methods

The HR model is described by the following set of ODEs:

⎧⎪⎨
⎪⎩

ẋ = y − x3 + bx2 + I − z,

ẏ = 1 − 5x2 − y,

ż = μ
(
s(x − xrest) − z

)
,

(1)

in which we have fixed μ = 0.01, s = 4, xrest = −1.6. In the elec-
tronic circuit [21] we analyse in this Letter, which implements an
approximation of system (1), the bifurcation parameters I and b
can be varied within the ranges [2,6] and [2.6,3.5], respectively.

When a mathematical model is available, one can find the bi-
furcation diagram directly from the equations, by using brute-force
approaches or continuation methods or both [24]. In order to have
robust design criteria for a structurally stable circuit implementa-
tion of a neuron model, the quantitative results of the bifurcation
analysis must be verified experimentally, against the unavoidable
mismatches between the behaviours exhibited by a real system
and by its mathematical model. In an experimental setup, the bi-
furcation diagram must be mapped out from measurements: as
in [25], we use long time series recordings of one of the state
variables for values of the parameters on a regular grid in the pa-
rameter plane (b, I).
With respect to the circuit presented in [21], both the digital
and the analogue parts have been redesigned. The digital part –
implemented on a Field Programmable Gate Array (FPGA) – has
been programmed in order to automatically sweep a regular grid
in the parameter plane.

The analogue part has been modified to reduce discrepancies
between the dynamics of the model and that of the circuit: low-
tolerance components have been used (in particular, capacitors
with 1% tolerance); powering circuitry has been redesigned in or-
der to keep analogue and digital supplies separated; second-order
filters are now employed in the analogue-to-digital and digital-to-
analogue conversion processes.

The digital part of the whole system is presented schematically
in Fig. 1 and is made up of the following blocks: PWL provides
piecewise-linear approximations (labelled as g and h) of the model
nonlinear terms (x3 − bx2 and 5x2, respectively), depending on
both the state variable x and the parameter b1; Transmission sam-
ples the signal x(t) with frequency f s and sends the data to a PC
through a serial cable (the RS232 protocol has been used); Con-

trol sets the values of the parameters b and I and manages the
timings of the overall system. The sampling frequency f s has been
set to the maximum value allowed by the baud rate requirements
of the RS232 protocol. Indeed, each sample is transmitted as a se-
quence of 11 bits (8 bits represent the data and 3 are control bits)
at a frequency of 115.2 kHz. Since it is possible to send only one
sample at a time, we set f s = 115.2

11 kHz � 10.5 kHz. Then, after
digitalisation, the time variable becomes k/ f s , with k integer.

The dashed lines denote control signals. The block Control

waits for a reset signal, sets a value for (b, I), waits 0.3 s to allow
the circuit to reach asymptotic behaviour and then activates the
Transmission block. When T = 20 000 samples have been trans-
mitted (corresponding to a measured time series that is about
2.3 s long), Control changes the pair (b, I) and the process is re-
peated. The circuit is programmed to generate a regular grid of
points on the parameter plane region [2.6,3.5] × [2,6] with steps
4.4 ·10−3 and 25.6 ·10−3 along the b and I directions, respectively.

Fig. 2 shows some examples of measured time series: it is evi-
dent that all the main dynamics of a neuron (spiking, bursting, and
chaos, besides quiescence, which is not displayed) can be obtained
with the proposed circuit. We performed a sweep in the parame-
ters’ plane in order to evidence stable invariant sets. In particular,
b is increased linearly from 2.5 to 3.5 and, for each value of b, I is
swept from the maximum (6) to the minimum (1).

On the other side of the communication channel, the PC re-
ceives the data and stores the experimental measurements (time
series) corresponding to different pairs (b, I) into a text file. Once
the data have been stored, we estimate the power spectral density
of each time series in order to calculate its maximum bandwidth.
In the worst case, the 99% of the power is confined below 700 Hz,
which is far from the sampling frequency. Then, each recorded
time series is low-pass filtered with a cut-off frequency of 2 kHz,
to clear spurious frequency components.

3. Classification algorithm

The bifurcation diagram is obtained by automatically classify-
ing the measurements. The classification is obtained by applying
standard techniques to detect maxima of the time series (see, e.g.,
[25]). Particular attention is devoted to the classification of peri-
odic dynamics, as described in the following. It is important to
note that our classification algorithm differs from that presented
in [25] in that we have no a priori information on the duration

1 We do not dwell upon the approximation problem, which has been treated else-
where. The interested reader is referred to [24] and references therein.
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Fig. 2. Some examples of measured time series: (a) spiking (b = 3.30, I = 4.50),
(b) bursting with 18 spikes per burst (b = 2.55, I = 5.26), (c) irregular (chaotic)
spiking (b = 2.60, I = 5.52) and (d) irregular (chaotic) bursting (b = 2.54, I = 5.57).

of the period, which can vary greatly for different parameters val-
ues. In other papers (see, e.g., [26]) experimental bifurcation curves
are sketched starting from experimental measurements, but the
method used to classify the time series is not discussed.

The algorithm first checks if the time series is either station-
ary or chaotic: the former behaviour is detected by verifying that
the variations of the time series are within a range of 120 mV,
while the non-quiescent solutions oscillate at least in the range
[−1,1] V, as shown in Fig. 2. The classification of a chaotic time
series is based on the fact that chaotic signals have a continuous
“noiselike” broad power spectrum.

If none of these behaviours is detected, the time series is classi-
fied as periodic. In this case, the aim of the classification procedure
is to detect the periodicity of the time series, i.e., the duration of a
period and the number of maxima contained in each period.

Notwithstanding the initial filtering, the noise level (due to
measurement and quantisation) still limits the reliable detection
of (relative) maxima. Then, to detect the number of peaks in one
single period, we apply the following steps (illustrated by the ex-
ample shown in Fig. 3) to each time series:

1. Consider a time window of 0.15 s comprising M = T /10 =
2000 samples approximately; notice that the choice of M is
such that a reasonable number (at least 3) of local maxima of
the state variable falls in the observation window: this is done
to avoid matches between single spikes when the neuron is
showing more complex behaviours, like bursting.

2. Slide the window along the time series over the whole time
course of x, with a step equal to 1/ f s . In the upper three pan-
els of Fig. 3, the black trace is the whole time series, whereas
the coloured traces evidence the moving window. In partic-
ular, the blue trace in panel a is the window displaced by
m = 600 samples, the red trace in panel b and the green trace
in panel c are displaced by m = 1350 and m = 2700 samples,
respectively, and match almost exactly the time series.

3. For each step, compute the discrepancy between the two
time series as Em = ∑M

k=1(x( k
fs

) − x( k+m
fs

))2, where m = 0, . . . ,

T − M . Notice that, as shown in Fig. 3, when the time series is
periodic, the error is periodic as well.

4. We determine the period of the time series x as the time dif-
ference between two local minima of Em lower than a thresh-
Fig. 3. An example of classification of a time series, where the colour traces high-
light the sliding window: the blue trace in panel a shows no alignment (high value
of error in panel d); the red trace in panel b and the green trace in panel c are cor-
rectly aligned (low error in panel d): this indicates that the green trace is displaced
by the duration of a period with respect to the red trace in panel b. The shadowed
area in panel d indicates the duration of the period. (For interpretation of colours
in this figure, the reader is referred to the web version of this Letter.)

old defined as follows. Since Em is periodic, we consider only
local minima lower than E = Emin + 0.15(Emax − Emin), with
Emin and Emax the absolute minimum and maximum values of
the error Em , respectively. Notice that the threshold E (dashed
line in panel d) is used to avoid considering local minima
of Em corresponding to the spikes of x in each period. In
panel d, the blue, red and green dots indicate the values of
Em corresponding to panels a, b, and c respectively. It is evi-
dent that the green trace is displaced with respect to the red
one by a period of the time series.

5. By counting the number of local maxima (peaks) of x in one
period, we are able to correctly classify the trace. In the ex-
ample shown in Fig. 3, for instance, the trace is classified as
bursting with 7 spikes per burst.

4. Results and discussion

Fig. 4 shows the bifurcation diagrams for the original model
(panel a), the piecewise-linear (PWL) approximated model (pan-
el b) and the circuit (panel c), in which different colours have been
associated with different asymptotic behaviours.

We have chosen to show the bifurcation diagrams only in the
region [2.6,3.3] × [2,5] since it is the most interesting from
the model dynamics standpoint: outside of this region (but within
the region [2.6,3.5]×[2,6]) the only observed behaviours are spik-
ing and quiescence.

For a discussion about the bifurcation analysis of the original
HR model and of its PWL approximation, the reader is referred to
[24]. Here, we just point out the good qualitative matching among
the three bifurcation diagrams. We also notice that we do not ex-
plicitly find out bifurcation curves (as in [25]), since the reference
bifurcation structure is well known. Moreover, most bifurcation
curves in the considered parameter region involve unstable in-
variant sets, which are not evident in the brute-force bifurcation
diagram.

Fig. 5 shows two sets of time series obtained by integrating the
original model Eq. (1) (black traces) and by measuring the out-
put of the circuit (red traces) in the spiking region, for b = 3.5.
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Fig. 4. Bifurcation diagrams: original model (a), PWL approximation (b), circuit (c). Different colours code different asymptotic behaviours: quiescence (white), spiking (light
yellow), bursting (yellow, changing to red as the number of spikes per burst increases), and irregular chaotic (black). (For interpretation of colours in this figure, the reader
is referred to the web version of this Letter.)
Fig. 5. Time series obtained by integrating the original model (black) and by mea-
suring the state of the implemented circuit (red) in correspondence of different
parameter pairs. (For interpretation of colours in this figure, the reader is referred
to the web version of this Letter.)

The control parameters b and I for the original model and for the
circuit have been set to different values, in order to force the os-
cillations to have the same period. Thus, in panel a, we set b = 3.4
and I = 5.05 for the original model, b = 3.4 and I = 5.95 for the
circuit; in panel b, we set b = 2.8 and I = 2.25 for the original
model, b = 2.9 and I = 2.85 for the circuit. A desired dynami-
cal behaviour present in the original model can be reproduced
also in the implemented circuit by setting the parameters b and
I in a neighbourhood of the nominal values. This fact is in accor-
dance with the differences in the bifurcation diagrams shown in
Fig. 4.

Fig. 6 shows the current–frequency curves obtained experi-
mentally (solid line) and by simulation of the original model (1)
(dashed line). It is evident that the linear relationship between
frequency and current of the original model is preserved by the
hardware implementation, albeit with an offset, which in general
depends on the value of b.
Fig. 6. Frequency versus injected current in the original model (dashed line) and its
circuit implementation (solid line) for b = 3.5.

5. Conclusions

The main results proposed in this Letter are two. Firstly, we
have obtained a two-dimensional brute-force bifurcation diagram
for a circuit implementing an approximation of the Hindmarsh–
Rose neuron model: this diagram provides design rules to program
the circuit in order to obtain the desired dynamics, both from a
qualitative (on the basis of the colormap) and quantitative stand-
points. From this latter point of view, one can find a pair of pa-
rameter values to match a given dynamic behaviour (obtained in
the original model for a given (b∗, I∗) pair) by heuristic search
in a neighbourhood of the point (b∗, I∗), also taking into account
other available information: for instance, in the spiking region, the
current–frequency curves suggest that to obtain the same spiking
frequency as for the original model, in the circuit the parameter
I must be set to a value higher than I∗ , keeping b = b∗ . To ob-
tain the bifurcation diagram, we have developed a classification
method that is suited for detecting the periodicity of neuronal sig-
nals. We remark that we have chosen the algorithm’s parameters
to tailor it to the particular case under analysis, but it could be
used, with relatively low effort, to classify other membrane volt-
age traces.

The second, important result is the proof of the reliability of
a method for the approximation and circuit implementation of
nonlinear dynamical systems (based on PWL techniques), which
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can be applied to obtain hardware realisations of different kinds
of systems described by nonlinear ODEs. In this sense, this Letter
constitutes the final step in the development, implementation and
verification of a PWL version of the HR model, thus bridging the
gap that still existed between the theoretical PWL approximation
and its experimental proof.
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